CS 373 Lecture 12: All-P air Shortest Paths Fall 2002

12 All-P air Shortest Paths (Octob er 24)

12.1 The Problem

In the last lecture, we saw algorithms to nd the shortest path from a sourcevertex s to a target
vertex t in a directed graph. As it turns out, the best algorithms for this problem actually nd the
shortest path from s to every possibletarget (or from ewvery possiblesourceto t) by constructing
a shortest path tree. The shortest path tree speci es two piecesof information for ead node v in
the graph

dist(v) is the length of the shortest path (if any) from s to v.
pred(v) is the second-to-lastvertex (if any) the shortest path (if any) from s to v.

In this lecture, we want to generalizethe shortest path problem even further. In the all pairs
shortest path problem, we want to nd the shortest path from every possible sourceto every
possible destination. Speci cally, for ewery pair of vertices u and v, we need to compute the
following information:

dist(u; v) is the length of the shortest path (if any) from u to v.
pred(u; V) is the second-to-lastvertex (if any) on the shortest path (if any) from u to v.

For example, for any vertex v, we have dist(v;v) = 0 and pred(v;v) = Null . If the shortest path
from u to v is only one edgelong, then dist(u;v) = w(u ! v) and pred(u;v) = u. If thereis
no shortest path from u to v|either becausethere's no path at all, or becausethere's a negative
cycle|then dist(u;v) = 1 and pred(v;v) = Null .

The output of our shortest path algorithms will be a pair of V.  V arrays encaing all V?2
distancesand predecessorsMany mapsinclude a distance matrix|to  nd the distance from (say)
Champaign to (say) Columbus, you would look in the row labeled "Champaign' and the column
labeled "Columbus'. In thesenotes, I'll focus almost exclusively on computing the distance array.
The predecessoarray, from which you would compute the actual shortest paths, can be computed
with only minor additions to the algorithms I'll describe (hint, hint).

12.2 Lots of Single Sources

The most obvious solution to the all pairs shortest path problem is just to run a single-source
shortest path algorithm V times, oncefor every possiblesourcevertex! Specically, to Il in the
one-dimensionalsubarray dist[s][], we invoke either Dijkstra's or Moore's algorithm starting at the
sourcevertex s.

ObviousAPSP (V;E;w):
for every vertex s
dist[s][] SSSP(V;E;w;s)

The running time of this algorithm dependson which single source algorithm we use. If we use
Moore'salgorithm, the overall running time is ( V2E) = O(V4). If all the edgeweights are positive,
we can use Dijkstra's algorithm instead, which decreaseghe running time to ( VE + VZ2logV) =
O(V3). For graphswith negative edgeweights, Dijkstra's algorithm can take exponertial time, so
we can't get this improvemert directly.
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12.3 Reweighting

Oneideathat occursto most peopleis increasingthe weights of all the edgesby the sameamount
sothat all the weights becomepositive, and then applying Dijkstra's algorithm. Unfortunately, this
simple idea doesn't work. Dierent paths changeby di erent amounts, which meansthe shortest
paths in the reweighted graph may not be the sameasin the original graph.

Increasingall the edgeweights by 2 changesthe shatest path s to t.

Howewer, there is a more complicated method for reweighting the edgesin a graph. Suppose
eah vertex v has someassaiated cost c(v), which might be positive, negative, or zero. We can
de ne a new weight function w° as follows:

wlu! v)=cu)+wu! v) cv)

To give someintuition, imagine that when we leave vertex u, we have to pay an exit tax of c(u),
and when we enter v, we get ¢(v) as an ertrance gift.

Now it's not too hard to shaw that the shortest paths with the newweight function ware exactly
the sameas the shortest paths with the original weight function w. In fact, for any path u; v
from onevertex u to another vertex v, we have

wlu:; v)=cu)+wu; v) cv):

We pay c(u) in exit fees,plus the original weight of of the path, minus the c(v) entrance gift. At
ewvery intermediate vertex x on the path, we get ¢(x) asan entrance gift, but then immediately pay
it back asan exit tax!

12.4 Johnson's Algorithm

Johnson'sall-pairs shortest path algorithm nds a costc(v) for ead vertex, sothat whenthe graph
is reweighted, every edgehas non-negative weight.

Supposethe graph has a vertex s that has a path to ewvery other vertex. Johnson's algorithm
computesthe shortest paths from s to every other vertex, using Moore's algorithm (which doesn't
careif the edgeweights are negative), and then sets

c(v) = dist(s;Vv);
sothe new weight of every edgeis
wYu! v) = dist(s;u) + w(u! v) dist(s;Vv):

Why are all these new weights non-negative? Becauseotherwise, Moore's algorithm wouldn't be
nished! Recall that an edgeu! v istenseif dist(s;u) + w(u! v) < dist(s;v), and that single-
sourceshortest path algorithms eliminate all tense edges.The only exceptionis if the graph hasa
negative cycle, but then shortest paths aren't de ned, and Johnson'salgorithm simply aborts.
But what if the graph dcesrtt have a vertex s that can reach ewerything? Then no matter
where we start Moore's algorithm, someof those vertex costswill be in nite. Johnson'salgorithm
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avoids this problem by adding a new vertex s to the graph, with zero-weight edgesgoing from s
to every other vertex, but no edgesgoing bad into s. This addition doesn't change the shortest
paths betweenany other pair of vertices, becausethere are no paths into s.

Sohere's Johnson'salgorithm in all its glory.

JohnsonAPSP (V;E;w) :
create a new vertex s
for every vertex v2 V
w(s! v) 0; wv! s) 1
dist[s][] Moore (V;E;w;s)
abort if Moore found a negative cycle

for every edge(u;v) 2 E

wlqu! v) dist[s]lu]+ w(u! v) dist[v][s]
for every vertex v2 V

dist[v][] Dijkstra (V;E;w%v)

The algorithm spends ( V) time adding the articial start vertex s, ( VE) time running
Moore , O(E) time reweighting the graph, and then ( VE + VZ2logV) running V passesof Dijk-

stra's algorithm. The overall running time is| ( VE + V2logV) |.

12.5 Dynamic Programming

There's a completely di erent solution to the all-pairs shortest path problem that usesdynamic
programming instead of a single-sourcealgorithm. For densegraphswhereE = ( V ?), the dynamic
programming approad gives the same running time as Johnson's algorithm, but with a much
simpler algorithm. In particular, the new algorithm avoids Dijkstra's algorithm, which gets its
e ciency from Fibonacciheaps,which are rather easyto screwup in the implementation.

To get a dynamic programming algorithm, we rst needto comeup with a recursive formulation
of the problem. If we try to recursively de ne dist(u;v), we might get something like this:

ifu=v

dist(u;v) = mxin dist(u;x) + w(x ! v) otherwise

In other words, to nd the shortest path from u to v, try all possiblepredecessorx, compute the
shortest path from u to x, and then add the last edgeu ! v. Unfortunately , this recurrence
doesn't work! In order to compute dist(u;Vv), we rst have to compute dist(u; x) for every other
vertex x, but to compute any dist(u;x), we rst needto compute dist(u;v). We're stuck in an
in nite loop!

To avoid this circular dependency we need someadditional parameter that decreasesat eath
recursion, eventually reading zero at the base case. One possibility is to include the number of
edgesin the shortest path as this third magic parameter. So let's de ne dist(u;v;k) to be the
length of the shortest path from u to v that usesat most k edges.Sincewe know that the shortest
path betweenany two vertices hasat mostV 1 vertices, what we're really trying to compute is
dist(u;v;V  1).

After alittle thought, We8 get the following recurrence.

30 ifu=v
dist(u;v;k) = _ 1 fk=0andu6 v
: mxin dist(u;x;k 1)+ w(x! v) otherwise
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Just like last time, the recurrencetries all possiblepredecessor®f v in the shortest path, but now
the recursion actually bottoms out whenk = 0.

Now it's not dicult to turn this recurrenceinto a dynamic programming algorithm. Even
before we write down the algorithm, though, we can tell that its running time will be | ( V%)
simply becauserecurrencehasfour variables| u, v, k, and x|eac h of which cantakeonV dierent
values. Except for the basecases,the algorithm itself is just four nested for loops. To make the
algorithm a little shorter, let's assumethat w(v! v) = 0 for every vertex v.

DynamicPr ogrammingAPSP (V;E;w):
for all verticesu 2 V
for all verticesv 2 V
fu=v
dist[u][v][0] O
else
dist[u][v][0] 1

fork 1toVv 1
for all verticesu 2 V
for all verticesv 2 V
dist[u][v]lk] 1
for all verticesx 2 V
if dist[u][v][k] > dist[u][x][k 1]+ w(x! V)
dist[u][v][k] dist[u][x][k 1]+ w(x! V)

The last four lines actually evaluate the recurrence.

In fact, this algorithm is almost exactly the sameas running Moore's algorithm oncefor every
sourcevertex. The only di erence is the innermost loop, which in Moore's algorithm would read
\for all edgesx ! v". This simple changeimproves the running time to ( V°E), assumingthe
graph is stored in an adjacencylist.

12.6 Divide and Conquer

But we can make a more signi cant improvemert. The recurrencewe just usedbroke the shortest
path into a slightly shorter path and a single edge, by considering all predecessors.Instead, let's
break it into two shorter paths at the middle vertex on the path. This idea givesus a di erent
recurrencefor dist(u; v; k). Once again, to simplify things, let's assumew(v! v) = 0.

) o _(W(U!V) ifk=1
dist(u; vik) = mxin dist(u; x; k=2) + dist(x; v;k=2)  otherwise
This recurrenceonly works whenk is a power of two, sinceotherwisewe might try to nd the short-
est path with a fractional number of edges!But that's not really a problem, sincedist(u; v; 249 Ve)
givesus the overall shortest distance from u to v. Notice that we usethe basecasek = 1 instead
of k = 0, sincewe can't usehalf an edge.

Once again, a dynamic programming solution is straightforward. Even before we write down

the algorithm, we can tell the running time is| ( V3logV) |w e considerV possiblevalues of u,
v, and x, but only dg Ve possiblevaluesof k.
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FastD ynamicPr ogrammingAPSP (V;E;w):
for all verticesu 2 V
for all verticesv 2 V
dist[u][v][0] w(u! v)

fori 1todgVe tk = 2'i
for all verticesu 2 V
for all verticesv 2 V
dist[u][v]li] 1
for all verticesx 2 V
if dist[u][v][i]> dist[u][x][i 1]+ dist[x][v][i 1]
distfu][v][i] dist[u][x][i 1]+ dist[x][v][i 1]

12.7 Aside: "Funny' Matrix Multiplication

There is a very closeconnection between computing shortest paths in a directed graph and com-
puting powers of a square matrix. Compare the following algorithm for multiplying twon n
matrices A and B with the inner loop of our rst dynamic programming algorithm. (I'v e changed
the variable namesin the secondalgorithm slightly to make the similarity clearer.)

MatrixMul tipl y(A;B):
fori 1lton
for | lton
Cllil o
fork 1ton
Cllo]  CIlilil+ Afilk] BIK][]

APSPInnerLoop
for all verticesu
for all verticesv
Dquliv] 1
for all vertices x
DYu]lv]  minf D9u][v]; D[u][x] + wix][vig

The only di erence betweenthesetwo algorithms is that we use addition instead of multiplication
and minimization instead of addition. For this reason,the shortest path inner loop is often referred
to as “funny' matrix multiplication.

DynamicPr ogrammingAPSP isthe standard iterativ e algorithm for computing the (V.  1)th
“funny power' of the weight matrix w. The rst set of for loops setsup the “funny identit y matrix’,
with zeroson the main diagonal and in nit y everywhere else. Then ead iteration of the second
main for loop computesthe next “funny power'. FastD ynamicPr ogrammingAPSP replacesthis
iterativ e method for computing powerswith repeatedsquaring, exactly like we saw at the beginning
of the semester.The fast algorithm is simpli ed slightly by the fact that unlessthere are negative
cycles,ewery “funny power' after the Vth is the same.

There are faster methods for multiplying matrices, similar to Karatsuba's divide-and-conquer
algorithm for multiplying integers. (See Strassen'salgorithm' in CLR.) Unfortunately, these al-
gorithms us subtraction, and there's no “funny' equivalernt of subtraction. (What's the inverse
operation for min?) Soat least for generalgraphs, there seemsto be no way to speedup the inner
loop of our dynamic programming algorithms.
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Fortunately, this isn't true. There is a beautiful randomized algorithm, due to Noga Alon,
Zvi Galil, Oded Margalit*, and Moni Noar,! that computesall-pairs shortest paths in undirected
graphsin O(M (V) log? V) expected time, where M (V) is the time to multiply twoV  V integer
matrices. A simplied version of this algorithm for unweightel graphs, due to Raimund SeideP,
appearsin the current homework.

12.8 Floyd and Warshall's Algorithm

Our fast dynamic programming algorithm is still a factor of O(log V) slower than Johnson'salgo-
rithm. A dierent formulation due to Floyd and Warshall removesthis logarithmic factor. Their
insight wasto usea di erent third parameterin the recurrence.

Number the vertices arbitrarily from 1 to V, and de ne dist(u;v;r) to be the length of the
shortest path from u to v, where all the intermediate vertices (if any) are numberedr or less. If
r = 0, we aren't allowed to useany intermediate vertices, so the shortest legal path from u to v is
just the edge(if any) from u to v. If r > 0, then either the shortest legal path from u to v goes
through vertex r or it doesn't. We get the following recurrence:

ifr=0
otherwise

w(u! v)

dist(u;v;r) = ) .
min dist(u; v;r

1); dist(u;r;r 1)+ dist(r;v;r 1)

We need to compute the shortest path distance from u to v with no restrictions, which is just
dist(u; v; V).

Onceagain, we shouldimmediately seethat a dynamic programming algorithm that implements
this recurrencewill run in | ( V2) |time: three variables appear in the recurrence(u, v, and r),
ead of which cantake on V possiblevalues. Here's oneway to do it:

Flo ydW arshall
foru 1toV
forv 1ltoV
dist[u][v][O]

ltoV
for u ltoV
forv 1toV

(V;E;w):

w(u! v)

forr

if dist[u][v][r
dist[u][Vv][r]

else
dist[u][v][r]

1] < dist[u][r][r
dist[u][v][r

dist[u][r][r

1]+ dist[r][V][r
1]

1]+ dist[r][v][r

1]

1]
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